For some potentials, such as the Hulthén and Yukawa potentials, the number of possible bound states depend on an internal potential parameter. Even if the parameters are chosen such that no bound state exists, resonances occur after coupling these systems to the continuum, e.g., by an additional external electric field. We will discuss those resonances which have no bound predecessor. The computations are based on complex coordinate rotations and finite elements.
I. INTRODUCTION
The Hamiltonian spectrum of a conservative quantum system could be discrete with normalizable eigenvectors, or continuous, or a mixed one as for the well-known hydrogen atom. Resonances -graphically -are continuous eigenstates and appear above the continuum at energies where under a slight modification of the Hamiltonian a bound state might have occurred or a bound state in an inner region becomes a resonance state due an additional external field via tunneling. In this article we will report about resonances which occur in an inner region due to tunneling but without any bound predecessors.
Let us start with a conservative three-dimensional system with a purely attractive central potential V(r) and VЈу0 (r is the radial coordinate and បϭ1 throughout the paper͒. Bargmann ͓1͔ has proved the inequality
where n l is the number of bound states with angular momentum l. ͑A more general discussion and further inequalities can be found, e.g., in ͓2͔.͒ Thus, if this integral becomes too small ͑smaller a Planck cell͒, there will be ''no phase space'' for a bound state left. Among the many possibilities for such potentials we will restrict our discussion to the Yukawa and Hulthén potentials, because both are well-known model potentials up to a certain degree similar the Coulomb potential. The Hulthén potential is given by
with r the radial coordinate and V 0 ,a two parameters. Because V 0 is only a scaling parameter we set V 0 ϭ1 for simplification in all computations. The corresponding Schrö-dinger equation can be solved easily ͓3͔ and the eigenvalues are given by
Since 2a 2 уn 2 for eigenvalues, there exists a minimum potential hole (aу 1 2 ͱ2) before any energy eigenvalue can be obtained.
The Yukawa potential is given by
with V 0 ,a parameters and r the radial coordinate. Similar to the Hulthén potential there is a minimum value for a that the Yukawa potential can support bound states. For V 0 ϭ1 this minimum value is given approximately by aу1.257, which can be easily derived using perturbation theory.
In Fig. 1 we show on the right-hand side as an example the Hulthén potential ͑solid line͒ and the Coulomb potential ͑thin lines͒ in arbitrary units. Because the Hulthén potential is much steeper, the integral is significantly smaller and eventually there will be no ''place'' for a bound state. By adding a radial Stark potential our potential becomes Ṽ ͑ r ͒ϭV͑ r ͒ϪFr, ͑5͒
with F a parameter. In the case of the ordinary Stark effect this would be the electric field strength. On the left-hand side of Fig. 1 
II. METHOD AND RESULTS
Strictly speaking, the continuous spectrum of a Hamiltonian has no eigenvector, because the corresponding state is no longer normalizable. In the complex coordinate method the real configuration space coordinates are transformed by a complex dilatation or rotation. The Hamiltonian of the system is thus continued into the complex plane. This has the effect that, according to the boundaries of the representation, complex resonances are uncovered with square-integrable wave functions and hence the space boundary conditions remain simple. This square integrability is achieved through an additional exponentially decreasing term
After the coordinates entering the Hamiltonian have been transformed, the Hamiltonian is no longer Hermitian and thus can support complex eigenenergies associated with decaying states. Thereby a complex Schrödinger eigenvalue equation is obtained. The spectrum of a complex-rotated Hamiltonian has the following features ͓4͔: Its bound spectrum remains unchanged, but continuous spectra are rotated about their thresholds into the complex plane by an angle of Ϫ2⌰. Resonances are uncovered by the rotated continuum spectra with complex eigenvalues and square-integrable ͑complex rotated͒ eigenfunctions. The complex eigenvalue EϭE r Ϫ(i/2)⌫ yields the resonance position E r and width ⌫. The complex coordinate method has been applied to various physical phenomena and systems. For a recent review and more details see ͓5,6͔.
To compute the resonances and bound states we combined the finite element method with the complex coordinate rotation. The basic idea of the finite element method is to divide the entire space into small pieces, the elements. On each of these elements an interpolation polynomial will be locally defined to approximate the wave function. To optimize the computation we have used a quadratic spacing of the elements and as interpolation polynomials Hermite interpolation polynomials of fifth order. Thus the wave function and its derivation are optimally approximated. Of course convergence is carefully tested by varying the space dimension and the number of elements. For a review of this method see, e.g., ͓7͔.
In Table I we compare the resonances of the Hulthén potential with the resonances of the hydrogen atom in a radial electric field. For both systems the lowest resonance is extremely sharp and thus the width approximately zero. The parameter a of the Hulthén potential was selected such that its field-free ground-state energy becomes Ϫ0.5. Without an additional radial electric field the Hulthén system possesses only one bound state. Obviously the Hulthén system shows a significantly larger energy gap between the first two resonances than the hydrogen atom. Due to Eq. ͑3͒, the maximum number of bound states is given by 2a 2 Ϫn 2 у0. Therefore we define a new parameter nЈϭͱ2a whose integer part gives the maximum number of lϭ0, mϭ0 bound states. Only for aу1/2ͱ2 can field-free bound states exist. In Fig. 2 we show the behavior of the first two resonances as a function of nЈ. Because the influence of the radial electric field for fixed field strengths depends on the potential parameter a, we have rescaled the field strength such that the effect of the electric field onto the lowest state remains approximately constant, which leads to F 0 /nЈ 3 ϭconst. ͑This is similar to the behavior of hydrogenlike ions with different charge Z.͒ The imaginary part of the energy, Im(E), plotted in Fig. 2 is proportional to the resonance width. Thus small absolute numbers indicate sharp resonances. For nЈу1 the first resonance becomes much sharper and for nЈϽ2 no field-free second bound state would exist. Similar to the first resonance the second resonance becomes much sharper close to ''2.'' In the inset of Fig. 2 we show the position of the resonances. As expected, the real part of the complex energy decreases with increasing potential parameter nЈ. Figure 2 demonstrates that resonances occur already in a potential parameter region in which the corresponding fieldfree bound state would not even exist. The first two resonances become significantly sharper close to the border values of a for the existence of the corresponding field-free bound states.
To prove that our results are not due to a numerical artifact we have computed in addition some resonances in a numerically independent way, based on the Riccati-Padé method ͓8͔. the width of the resonances. Thus for the sake of clarity we have only included the imaginary part of the second resonance for some nЈ values in Fig. 2 . Obviously our findings are independent of the numerical methods used.
In Fig. 3 we show the behavior of the third resonance but now for fixed radial electric field strengths. Again this resonance exists already for nЈр3. ͑The third field-free bound state would be created at nЈϭ3 and exists only for nЈу3.͒ Obviously this resonance shows a steplike behavior for integer values of nЈ.
Qualitatively the same results can be obtained for the Yukawa potential. To demonstrate this we have selected the parameters V 0 and a, Eq. ͑4͒, in such a way that the field-free Yukawa ground-state energy equals the hydrogen groundstate energy and additionally only one bound state exists. This holds, e.g., for (V 0 ,a)ϭ(1,1.584) and (V 0 ,a) ϭ(1.225,1.366). For both sets of parameters the results are qualitatively and quantitatively very similar, as shown in Fig.  4 .
In Fig. 4 we have plotted in the right-hand side the imaginary part of the complex energy of the first resonance state as a function of the radial electric field F and in the inset the real part of its complex energy. For this lowest resonance the width converges to zero for vanishing radial electric field strength and thus this state becomes a bound state. The position of the resonance ͑see inset of Fig. 4͒ converges to Ϫ0.5 for F→0 due to the selected parameters. For the second resonance both the width and position go to zero and thus this state does not converge to a bound state for F→0. To uncover this behavior more clearly we have added in the inset not only the position of the resonance ͑real part of the complex energy eigenvalue͒ but in addition the complex angle given by Eϭ͉E͉exp(i). This complex angle tends approximately to 60°for smaller and smaller values of F, but for Fϭ0 no resonance state can be found, as expected.
In conclusion, by the results presented above we have shown that tunnelinglike resonances can exist even if they have no bound predecessor. This was demonstrated by two simple physical systems -the Hulthén and Yukawa potentials. Of course there is no reason why this effect should be restricted only to such potentials. Resonances are, e.g., of importance in interpreting and understanding spectroscopic results. Especially in the very strong field region of white dwarfs and neutron stars those effects might become important. It is known that exotic systems like the single-electron molecular ions H Nϩ1
Nϩ possess bound states only for extremely strong magnetic field strengths and that in neutron star atmospheres their ground-state energy becomes lower than the hydrogen ground state. Due to the extremely strong electric fields in neutron star atmospheres, these exotic molecules might possess sharp resonances lower in energy than the resonance states of the hydrogen atom even for magnetic fields in which they would have no bound states at all. If this should be true, this effect would be of importance in the interpretation of neutron star spectra. Of course up to now this idea is speculative and further computations will show if such an effect is of importance or not for those strange astrophysical objects. Nevertheless, the results mentioned above are of basic interest not only in a quest for these astrophysical speculations.
